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1 . S m p u R v  AND DISCUSSION 

During tbe current reporting period, our studies of 

statistical energy methods of sound and structural vibration 

anaBysfs have been centered on three p r i m  phases: 

(1) radiation resistance of structures, ( 3 )  modal denrritiss 

of structurea, and (3) noise transmission. Knowledge of 

items (1) and (2) is aecessarp for the successful application 

of the theory in practical situatio-and mise transmission 

appears to be one of the most proaising areas in which the 

statistical approach cam be applied. These activities are 

congruent rfth the original objective8 of the investigations. 

Considerable infomation has been compiled oa the radia- 

tion resist~nee or radiation loss factors for beams, simple 

pmeZsp orthrotmpie plates, and built-up panels. The re- 

sults of t h i s  phase( oftthe study are summarieed in Appendix 

A .  Further effort i n  this area will be directed tward more 

precise determination of the ranges of applicability of the 

parameters involved, desfgaing of evaluation experiments, and 

analytical studies of radiation losar factor for multiamdrl 

vibrrrtiorr fer cP!EsLl_n d ramLlltien_- 

En the area of noise transmission, a program of study 

has  beg-- in tihiel% the effect 02  stmeturail shaws 03 noise 

reduction will be evaluated. For equal contained volumes, 

the noise reduction properties of one face (with different 

geoaetric shapes) of a cubical will be studied analytically 
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and experimentally in all important frequsacg ranges. 

results thus far of this phase of study are suaaarircred 

Appendix B. 

2 

Tha 

i n  

The studies of modal density have thus far been concerned 

with circular cylinders. An experimental arrangement hrs been 

designed and set up for further evaluation of predictions th8t 

have been reported in the literature. These experiments 

should be completed in the near future, and the ~ S U l t 8  rill 

be submitted for publication. Appendix C s w i z e s  the ap- 

proach and progress oa modal density studies. 

Franklin D. Bart 
Project Director 
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Charles J. Phurltle 

AB analysis of the acousticalay excited vibration of 

structures leads to a consideration of the coupling betreen 

the sound pressure waves and the induced waves in the struc- 

ture. In 8 s i m i l a r  fashion, i f  one wishes to control the ln- 

tensity of sound emitted from bs vibrating structure, a con- 

sideration of the coupling between tbe vfbration of the struc- 

ture and the induced pressure variations in the surrounding 

a i r  is necessary, 

Coupling can be characterized by a quantity $,'@ the 

resistance ratio, which is a measure of the amount of p e r  

rediated from the vibrating body aa compared to the total 

&mount of power dissipated both by radiation to the  surround- 

ing fluid and by mechanical tosses within the structure. 

Figure 1 illustrates the meaning of P with reference to the 

energy transfer which occurs %n *he steady-state vibration of 

a, structure. 

I 

S I S I  

Since E I s  ttre input ener-v,  ,a is the energy dissipated 

to the surrounding f l u i d ,  and (1-p)E 3s the energy dissfpated 

=?gfhi~ the stncta-e,  then 

*Superssrtpt niuaabers refer to the miemnees listed at 
the end of the respectire appendix. 

at  the end of the discussion, 
* * A l l  figures in t h i s  and suceeedfng appendices appeas 
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The resistance ratio em be written 1 

The loss factor ks related to the damping ratio by 
a sq = eo/ftc. where the dmpiag ratio is the Pestlo of the damping 

coeffdciest to %Be critical damping coefficient, which oecurs 

ahens damping is that specaiic value necessary to cause the eys- 

tee to be cr%tieallg damped. 

The loss factor, TI!, ior a plate can be deeerrined by 

measureae~tzt of reverberation t h e .  The reverberation time 

1s the ~IIE:~, T, required %OF the energy content of the  system 

to decrease by 60 a; therefore? 1\ = l3.8PTp. In this em@, 

q LS the POSS f ~ t c e r  for the eatire system; i . ~ . . ~  - 
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or the rrdfetfon resbstance and the internal resistance. 

leasureaent of Tga. Sa, M d  Sp plus SnPorPrattion abont na will 

gfw sufficient infomuation to detellrmulne the quantities,  but 

En the absence of the opportuaity or tire for experimental 

work, theoretfcral coasideratkonsr amst be available. 

The Pollaating port%on of this report %s concerned with 

the radiation resistaxace. 

ous structures arid peasetrical shapes are presented. 

Resullts of compiling Su for usSup4- 

BWtU?&S 
P 

Beveloylgient of mathematical expmssfona for the detenni- 

gation ~9 Qhe redlistioa resistance comes about in several 

ways. 

~ m t i ~ g  the zitco\lrs'tic space md the structure with m equi- 

valent set 03 oaeiS2ators. 

Lyon swnd Eaidanfk z developed m exp~easion by repre- 

Such development w a s  based on 

the  foP2owiHtg €Lsl%wgtfons: 

a .  
2 ,  

3. 

4. 
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of %he indfwidlual energies of each oscillator 

(resonant mdes are sufficiently separated f n  P r e -  

5 .  The acoustic f i e l d  is reverberant in the sense that 

the pressure spectral density can be treated inde- 

permdent of position ti.%.* - the spectral density is 

averaged over *he volume of the f i e l d ) .  

6. The S~PUC~UPEBZ vtbratfon f i e f d  is reverberant t b n  

the stme er as the acoustic f i e l d .  

The general expression l&b)T the radiation resistance 2s' 

that tbe eorrelettion 

surface, of the structure as at pofnts removed from the surfawe, 

This simplificatfom restricts the  results to structures of 

+<zcl $3) &we the stme fozn on the 

sat011 curwattwe w i t h  dimensions w&fch are large coapa~ed  to 

the acoustic wavelength. I t  2s further assumed that beam 

%odes are well separated fn frequency space. 

Lycm atsd 14aidanfkP applied th- iomulation to a simply 

supported beam %a an acoustfcr! b&f le ,  Figure 2 skows the 
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The resulting espmsefons Por I+u are approximate sola- 

tions of eq. (1). The varfous restrictfons placed on wave- 

amber and hesee waveXsngth, and the restrictfons placed on 

the size 02 the  panel in relation to the acoustic wawelength 

e ~ e  simply those ah&& w f z l  raake possible approximate sohations 

sf e q .  (I). 

sions for Qad have considemble scllentific value, the en- 

ganeering usefuPaess is relatively l imited. 

And wM16 it should be noted that these expres- 

In lL954, 1, Westphrl developed equations for the power 

radiated froat f lat  plates under various ~ o n d f t i o d  

these results for t h e  power radiated from flat plates, the radi- 

6ktftsa reslstrawce e m  be calculated by notling that' 

From 

Westpbl ' s  results are expressed in teams of m e r  radiated 
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3. Traveling, plane bendimg waves; 

the parer radParted fs 

where the radiation factor is dependent on damping, 

The gumtities 83?a13 are t h e  real and fma.girm.rp parts of the 

wavenumber in the dfreetion perpendicular to the plate. 

are related to b l p q p  t h e  real and jlasrginivp parts of the 

ravenumber 5m the direction ob k n d l n g  wave propagation on the 

plate by 

They 

. 

for l*lo mw3 Rrad=O for TIIsc'x. 

An analysis of the radiation produced by means of stand- 

tag waves %a an inifnllte ptrate y i e l d s  



i 

t 

I 

%or cases of the  subdiviston on the prate being larger than 

the acoustic: ratrelength a t  a giwen frequency. 

ior case8 of the subdivisions on the plate beiag smaller thaa 

the acoustic wavelength. 

h d  

Kestpheba m s  on to establ ish an effective radiation factor 

for the case of plate vibration produced by a band of excfta- 

tdon ~~~~~~~~~~~~ %%ita msu%t, however, i s  most useful when 

used for experimental determination of the rad2atgon factor 

a d ,  hence, the In fact, t h i s  result w a s  used to ob- 

t a i n  expericaeertal values of the radiation faceor in West- 

phablo s work * 

Orthotropic Plates -- 
The muad m e r  radiated frm inf fn i t e  orthotropie 

plates has been studied,6 and imm t h i s  work fnfomatiom 

regarding the xwiietion resistance 6- be deduced. 

The orthotropic paates studied are those plates that  

possess different bending strengths in difierent d%rections. 

This ~~~~~~~~~~ %sa Wndfng strengths m y  be due to corrug8- 

. 
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The expressfons devellaped for the souad power radiated 

gram iafilaftelg 'large orthotropic plates were derived from 

the differential equation of velocity. 

str%eted by the  follming assumptions: 

Such results are re- 

1. The flexural wavelengths in the p la te  nust be greater 

than the distance between the inhomogeneties of the 

plat@ 

Ribs or eermgstions run in 088 direction only. 2. 

3. Damping is l ~~ i l l l f  and caa be eonsidered canstant, 

independeat of disectioa. 

4. The excitation is LD ]point force. 

From expressions for the ridfated power,' by using the 

Padfation factor, y p  due to K. (Cosele,' eq. (2) can be used 

to obtain the rlsdllestion resis2mee. The result8 are 53Xpres- 

stoss in three frequency rages: 

I L .  

2,  

. 

4 k <(&a/B,), which m e a n s  that t b s  largest bending 

wawePerngths in the  plate are smaller than the lower 

crfticaa wavelength in the surrounding medium. 

(3) 
- 

C32/flS(So@?Pe@a,y 

2 
(W n ~ ~ ~ ) < ~ r ~ < ( n r ~ m / ~ ~ ) .  

eludes bemading wavelengths in the plate which are 

g r e a t e ~  t h m  the lower critical wavelength in the 

susrors4~dfag medzura in one dfrectllon, but less than 

the upper erb%e;feaP wavelength fzr the surrounding 

medim fa the o$her direct ion.  

-is range of frequency tn- 
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3. L4>(m2m/Bp). Pa thiEs range all wavelengths of the 

bending waves &si t h e  plate are greater than the up- 

per critical wavelength in the surroundjing medium. 

ss SPC- 

Thus, as compared to simple plates that have one criti- 

cal frequency, orthotropic p l a t e s  have two critical fre- 

~ W R C ~  values. 

B,, in the Xsirgest stiffness direction and the other w i l %  

be produced by the bendgng strength, By# i n  the smalxest 

stiffness direction. 

orthotropic. In such cases, eq. (3) reduces to a form coat- 

parable to previous resul ts  for flat plates. 

O m  w i l l .  be gradaced by the bending strength, 

And obw8ioosllp if B,=BYp the plate is not 

Bibbed PaneIs 
1__ 

The rnd2stioa resistance of r9bbed panels has been %a- 

The study began on the stme fundamental foot- vcstigated.7 

iag as the work done 

bems). The general 

(see e g .  (XI) serves 

specific results axre 

on be- (see the previous section on 

equation for the radtstion resfstance 

as the Tmster'' equation from which 

developed. Allso it should be noted that 



2.  kbez: k (in the neighborhood Of coincidence) 

a. PW odd-odd =odes of vibration, 



14 

. 

8 .  For even-even laodes of v&bration,, 

b, BOP evea Bodes in the 7-directfon, 
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1 1 For the range, Zkbcel, 

Hn the 4etembnatloa of these expresdoas for radiation 

cesiseLLpcep $he contribut%on Protp even-evenp odd-even, and 

even-odd modes w a s  rneglected as BePag small compared to the 

contribution due to odd-odd Bodes. Pt w a s  a480 assued that 

hbd kbb>n 

B e l o w  the er%tieslii frequency, S‘<fgp it has been noted - 
that the rad%artion readstance is direct ly  proporttonal to the 

perimeter of *he ~ a m e 1 , ~  Thus the mnclusfon is drawn that 

a ribbed pmeP e m  be C;reated Pa the same fashion sa &IL m- 

ribbed panel, &%I aceaunt ean be sade %lor the effect of the 

r%bs on the radiation output by redef2nimg the perimeter, 

lB[enee, for a s i B b d  pane%, the radiatfon resistance w i l l  be 



where Pgibe is mice the total. length of the ribs and P# a n e P  

is the perimeter of the panel. However, when t h i s  technique 

&s used eo estimate the radiation resistance of a ribbed panel, 

the spacing betapgea the ribs must 888 be restr ic ted  with re- 

spect to the acoustic wavelength i n  the same way as the di -  

XWZIS~QEBS of the entire unribbed panel. This m e a n s  that 

distance between sdjacerat ribs must be large when compared 

to the acoustic wawellemagtlf. The fector by which t h i s  dist-ee 

must be larger than the aeousthc wavelength ia  order for these 

results to be reasonably accurate has aot been discussed, but 

%h%e i s  under current consideration. 

CyPiadrbcaP SirePle 

Qualitative comideratfon of the *'rrdiaAon propertiesw 

of cylindrical shells has been carried out,' bat currently 

no useful engineering r~sen1t;e exist %or predict2ng the radis- 

tiom resistance pro P ior oult~raadsP vibration. This I s  an 

area towlard which futture efforts of thds research ac t iv i ty  

w i l l  be dfireotsd. 
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F%G. 1: SCEEMATIC ILLUSTRATION OF EHERQX FLOW 

9 
* 

e 
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W 

FIG. 2: SLpllpLp SUPPORTED BEAM WITH DIMEXSIOHS 

AND REFERETJCE SHOWlV 
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Rotation 

= characteristic length in the r-dfrection of (LII in- 
finite p h t e  subject to standing wave vfbration. 

r 

b = charrrcteristic length ia the pdirection of aa 
inf in i te  plate subject to stmurdfng wave vibration. 

= orthotropic plate bending stiffness in the x- 
direction. 

orthotrogfc plate b n d f n g  stiffness in the y- 
direction. 

e 

damping coefficient. "0 

= critical dmping coefficient. =C 

D 6 damping per wavelength. 

P = energy. 

f = frequency (cps). 

= 1mer critical frequency. - upper critical frequency. 
= width of the plate.  

h m e a n  moustfc wave nmber in the frequency band 
of erci$rstian. 

= nm/"8, m e a m  wavenumber of the bending vibrations i n  
the structure. 

= m e a m  wa~sntrraPber &e the x-direction. 

piem wave awaber in t h e  g-direction. 
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P 
nR 

P 

X - 

Y 

= modal demsity of the structure. 

w modal density of the chamber in  which the p la te  
is tested. 

5: power radiated from the structure. 

x mechanical or internal resistance. 

a sadistion resistance. 

surface area of the structure. 

= spectral density of the  acceleration of the structure.  

spectral density of the abcoustic pressure in the 
medium surrounding the structure. 

= reverberation time of the system. 

= reverbcrrrrtllon time of the test chaarber. 

= mesa square velocity of response on the structure. 

= velocity of response at the  point of force ap- 
glicsbtionr. 

- posttion sector to a point on the surface of 
the structure. 

= Prepdance at  the pofat of force application. 

= i m e g i a q  part of the coaplex wavenumber i n  the 
( )-direc*ion. 

radiation factor. 

= loss factor, 
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mechanical OF i n t e rna l  loss factor. 3imech 
= rad ia t ion  1088 factor. 

A = acoustfc wavelength. 

b = bending wavelength. 

= coincidence wavelength of t he  p la te .  aP 
61 = resistance r a t i o .  

P = m b f e n t  densi ty  of the scoustic medium. 

$ ~ ( I K ~ &  = cor re l a t ion  of the structural vibration f ie ld .  

$(x x ) corre la t ion  of the acoustic field. -a p-2 
W 

W O  

9 

1. 

2, 

3. 

4. 

5 .  

6, 

= c i r c u l a r  frequency (radiadsec) 

= resonant frequency of a s i n g l e  mode. 

E erdtical eircolur frequency. 
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The interaction of acoustical  and structural vibrations 

is important in the field of noise reduction, 

the noise reduction in a ssall pentagonal eaelosure with two 

f l e x i b l e  w a l l s  isstudPsd i n  the 1ow-fPequencg range Wbm both 

the panel and &he inZerior voluws are stiffness controlled. 

Thfs is the %T&brsrt pkrss 0% a statistical approach to mise 

reduction in aB1 frequency ranges. 

In this paper, 

Consider the enclosure shown Pn Figure 1. The "rcrsf" 

pozlerels &re f l ex ib le  and the enclosure i s  r i g i d .  Exposure 

t o  an external soupdl presstarel P, all result in an internal 
x 

pm68uF6?p Pbp gkvm by 
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The displacement is given by2 

The vo%ume dtsglacement is thus 

Substftathg and integrating gives 

s 5  4 4  x = 32Pa b / 6 l t S D ( r  +b ). 

Since themare two flexible ganefs, &Be total voluare dis- 

placement is 

x 16 2x = 64Pa 6 5  F /6'PSI)(f+P 4 ). 
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PQr) versus F is pPotted in F i g u r e  2. 

The intergar volume I s  

but e = &-, r = b/a, and letting s s ala, equation (3) 

cam be written, 

Figure 3 %Is a plot 09 P(s)  versus 8 .  loa the volume coppli- 

mace can be wgitten, 

where E is $towg9s amdnlus; Ip&,J jls the hefght ratdo funs- 
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aspect ratio function (see Figure 2); and K (thiekrress 

ratio) = t la .  

Figure 4 is a plot of noise reduction.3or a box with di- 

BgnaSllOm ara,h = a//Zs C: = d% a, and b s m a. 
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FIG. 1: PEXTACK" EXCInSURE WITH TWO FLEXIBLE 
WALLS 
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APPmmIX c 
MODAL DEHSITY OF 'X¶II CPLINDRICAL SBELLS 

David K. Miller 

The work that  has been done thus far on modal d e n s i t i e s  

of t h i n  c y l i n d r i c a l  shells, as presented herein9 is based on 

V. V. B o l o t i n e s  p8per, rrOn the  Densftp of the Dis t r ibu t ion  of 

]natural Frequencies of Thin E l a s t i c  She l l s  

Heckl 9 s  paptar, V i b r a t i o n s  of Point-driven Cyl indr ica l  S h e l l s  .**2 

Both w r i t e r s  presented a der iva t ion  of expressions, for t h e  

modal dens i ty  of t h i n  cy l ind r i ca l  s h e l l s .  

the  modal density of a f i n i t e  simply supported c y l i n d r i c a l  

s h e l l  and obtained the  expressions: 

and Manfred 

Heckl dealt w i t h  

where t is t h e  cy l inder  length; a, the  cy l inder  rard2us; h, 

the thickness;  B w h/245 a; and .tl is the  diin@RSiOnle88 fre- 

w h e r e  (D is t h e  e x c i t i n g  frequency; p ,  the densi ty;  and E, 

the ~ o d u l u s  of! elasticity of the cyl inder  material. 

Bolot in ,  on the other Band, derived a genera l  expression 

$or any t h i n  elastic shell, which he then applied to the 

specific case of a th in  c y l i n d r i c a l  s h e l l .  BoSotinBs expres- 

shons for the modal densi ty  are: 



. 
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where for the specific cast of a cylinder, (n,/o) 
x =  0. Hence, for ael, 

a and 

where a1 and az are the dimensions of *he rectangular shell 

surface; p o  the density; h ,  the thickness; B, the p la te  
1 

stiffness; a,, a dir~elssfonless frequency parameter; and K, 

the e1eptic integral  of the first kind. 

I t  w a s  first felt necessary to detemine  to what extent  

the equations obtained by Heck1 rsad Bolotin were comparable. 

This was accomplished by converting Bolotin's  notation 

"1 c ,  cmd a2 = f l a p  
1 to that of Heckle rand motfmg tPIsbtd= 5,  

which reduces Bolotlin's general expression to: 

1 The arpproxtmate valuers for H,(~,O) were determined by 

m e m  of F i g .  2 of Bolot inQs paper, which 5s a p lo t  of HI 

versus 3 f o r X  SO. In this way it was possible to p l o t  the 

results of both Heck1 and Bolotin for a range of J values 

(see Figure a ) .  

density is &(C/2h), while Bolotin's converges to 

, ~ ~ t t / z h )  ~I-P~)I/'. 

I t  mag be noted that forg>l,  Hecklps modal 

~enee, for frequencies above the ring 
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frequency &l) t h e  r e s u l t s  of both papers a p p e a  t o  be i n  

agreement. However, behw the rfng frequency there  apparrrs 

to be considerable difference between the two equat ions.  x 
Hence, t h i s  w i l l  be the raage of primary i n t e r e s t  fn further 

wor% . 
As a next step, an a n a l y t i c a l  review of Beckl*s derioa- 

t i o n  is being undertaken t o  determine, if possible ,  the reason 

for t h e  discrepancy in t h e  modal density expression for fre- 

quencies below t he  ring frequency. 

pet complete; however, in t he  ana lys i s  it w a s  noted t h a t  Heck1 

introduced an approximate frequencp equation i n  order to ob- 

t a i n  a perfect square term for .1)2. The approxination vas as 

f ollors : 

T h i s  ana lys i s  is not as 

where B I t  is evident from Hee%Pva 

der iva t ion  t h a t  t h i s  approximation is based on the a s s r e p t i o m  

t h a t  eS and &at the termsp - ! d g  -26% + 

lected In the finaB frequency equation. To m t  some idea of 

t h e  meaning of t h i s  assumptaon, a set of cyl inder  dimensions 

(hJ2jds t aard 6 = ma/"&. 

mag be neg- 

--- ..-, -8wwsam wy..uII 2-25", _ _  hXQ.O62", and &=36**), and w i t h  t h i s  data 

it was possgble to plot Beehl*s approximate value for $", as 

weli as a plot  of the  approximate value plus the terms tha t  

were neglected for virjlous values  of n (ar = 5 nuaber of nodes 

i n  t he  cisemferentia1 direction) using a as LO parameter, 

Rhore k=m/& n m-3 ,2,3 p 0 - is the wavenumber i n  the axial di- 

s e c t i o n  (see Figure 2) .  Heck1 stated t h a t  the approximation 

1 
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is good except w h e r e  62 es (n2+6a)’f3, and t h a t  this range is 

fairly ~ ~ 1 1 .  

satisfled, for the range of values chosen, i n  the v i c in i ty  

of n=5. 

s m a l l  it meisis to have its greatest effect for values of 

*I, whereas f o r a b l  the values of the  approximation are seen 

to  cosrrerge with the actual values. Heck1 also stated that 

h i s  approximation may lead to frequencies which are as much 

as 409 too high ia t h i s  sage, and t h i s  is nearly t h e  case 

for the rn-14 curves shown in Figure 2. 

to  be f a i r l y  important below the ring frequency, it may be 

concluded t ha t , s ince  the error fa  t h e  frequency is on th8 

high side, the expression which Heck1 derived for the aodal 

density is somewhat lower than would a c t u a l l y  -,*the case for 

frequencies lower than the ring frequency. 

of this approximation on Heck lvs  modal dens i ty  expression has 

not been detekar&xted, but  it would s e e m  that i t  h8s lonered 

the expression somewhat, although work is still i n  progress 

to c lar i fy  this matter. An uralys.lts of t h i s  sort om Bolo t inos  

paper also w i l l  be made, at some future date. 

E t  was found t h a t  the above equality is nearlty 

I t  may be aoted that slthough t h i s  range is f a i r l y  

Since t h i s  error eeeps 

The exact effect 

Also in progress at t h i s  t i m e  is an evaltrration of modal 

density predictions presented by Xeckl and Bolotia by experi- 

w n t a l  means. Thus far t h e  necessary test equipment has been 

obtained and set up (see Figure 3). 

test cyldnder with a constant input force, and to memure the 

output acee%erat ion at various points  on t h e  cglinder. U s i n g  

It is desiyed to excite the 
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the level recorder itrile hoped that it will be passable to 

eotrnt the resonate peaks up to the v ic in i ty  of t h e  ri- ire- 

quencg, iand in t h i s  way determine the modax density experi- 

stentally. 

A stainless steeP cylinder also has been acquired for 

the IPzitiaX test work. TBe dimensions of the cylinder are 

as fcolLms: length, 36"; thickness, 0.06SW; outside d imeter ,  

4.5". This cpEiMer size  w a s  clhomn because it has a ring 

Z'requeney of &bout Pa,QOO I&%, which ]Is within the range of 

the oscbllator, and because the cylinder size is in the range 

beSweelr the two cylinders used by X e c h l  i n  h i s  experiment81 

work. 

Work has been do= to evaluate dif ferent  mounting wth-  

ods for t b  gfck-up aaeeekromster. Since it is not desirsrbPe 

to d r i l l  hobst iln the cylinder to stud mount the aceelertm9ter 

h t  the several locations 20 be wed, various types of double- 

slded tape, as wePB as %Be wax srappaied with the aceelerolseter, 

have been investiga$ed w i t h  respect to their response as com- 

pared wlth that of a rfgtd mount. Pt bas Men found that on 

a f lat  surface. the regular double-shded Scotch tape is a very 

good momtang lasthod, as is the w a x .  Both methods provide an 

acceleromater response (curve that  is quite close to the stud 

mounted curwe. Bowever, due to &ha CUrportuPe of the eylfnder, 

it appears that  the w a x  mouontPag offers the best solution; at 

%em9 t h i s  will be the method tr ied ] in i t ia l ly .  
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